be the minimum number of four-element subsets (called blocks) of an n-element set, X, such that each three-element subset of X is contained in at least one block. Let L(3,4, n) = rn/4rn -1/3rn -2/2111. Schoenheim has shown that C(3,4, n) 2 L(3,4, n). The construction of Steiner quadruple systems of all orders n ~2 or 4 (mod 6) by Hanani (Canad. J. Math. 12 (1960), 145-157) can be used to show that C(3,4, n)= L(3,4, n) for all n=2, 3,4 or 5 (mod 6) and all n = 1 (mod 12). The case n = 7 (mod 12) is made more difficult by the fact that C(3,4,7) = L(3,4,7) + 1 and until recently no other value for C(3,4, n) with n=7 (mod 12) was known. In 1980 Mills showed by construction that C(3,4,499) = L(3,4,499).
INTRODUCTION AND MAIN RESULTS
Let C(t, k, V) be the minimum number of k-element subsets (called blocks) of an n-element set X, such that every t-element subset is contained in at least one block.
The problem of evaluating C(t, k, u) is a generalization of existence problem for Steiner systems, since C( t, k, o) = (';)/( :) if and only if a Steiner system s(t, k, u) exists. Several authors have studied the problem and the reader is referred to [2] for a survey and to [12] for an up to date bibliography of the question and more recent results.
Let L( t, k, U) = rv/krv -l/k -lr . . . ru -t + l/k -t + 11111. Schoenheim [5] notedthat C(t,k,o)aL(t,k,u)forallo>kBt>l. We are concerned in this paper with the evaluation of C (3,4, u) . Mills [ll] has shown that C(3,4, u) = L(3,4, V) for all u & 7 (mod 12) and several authors have noted that C(3,4, 7) = L(3,4, 7) + 1. Recently Mills [3] showed that C(3,4,499) = L (3, 4, 499) .
The purpose of this paper is to show that Mills' configuration on 499 points can be used to give C(3,4, v) = L(3,4, u) for all v B 52423. We also show that the construction of any smaller conliguration on 12n + 7 points covering the triples in L(3,4, 12n + 7) blocks would considerably improve the lower bound on u.
In subsequent sections we give constructions of the combinatorial designs used as building blocks in the determination of C (3,4, u) .
Let m, g, k, t be non-negative integers. We define an H(m, g, k, t) design to be an ordered triple (X, G, B), where X is a set of cardinality mg whose elements are called points and G = (G,, G2,..., G,) is a partition of X into m sets of cardinality g; the members of G are called groups. A transverse of G is a subset of X which meets each Gi in at most one point. The set B contains k-element transverses of G called blocks, with the property that each t-element transverse of G is contained in precisely one block.
These designs were introduced by Hanani in [S], where they were denoted by the symbol Pick, I, mg]; the notation given here is due to Mills [ 111. In [S] Hanani constructed H-designs with the parameters H(m, g, 4, 3), m = 4, 6, g = 2, 3, for (m, g) # (6, 2). Mills [I 111 independently constructed each of these and also constructed an H (5, 6, 4, 3) . It is clear from the definition that an H(3, g, 4, 3) cannot exist for any g > 0 and that all H(m, g, 4, 3) with m < 3 exist (with B = 0).
In Section 2 we prove the following result. THEOREM 1. An H(m, 6, 4, 3) design exists for all positive integers m # 3, with the possible exceptions of m = 9, 27 or 8 1.
Our main tool in the study of C(3,4, n) is the concept of an H-design frame or simply frame. Frames have been used explicitly in the construction of other combinatorial configurations (e.g., [ 14, 171) and they are also implicit in the works of Hanani [4, 5] and Wilson [ 181. For non-negative integers m, g, k and t we define an H(m, g, k, t) frame to be an ordered four-tuple (X, G, B, F), where X is a set of mg points, G = {G,, Gz,..., G,} is an equipartition of X into m groups and F is a family {Fi} of subsets of G called holes which is closed under intersections. Hence each hole Fin F is of the form Fi = {G,,, G,,..., G,}, and if Fi and Fj are holes than Fin F, is also a hole. The number of groups in a hole is its size.
The set of blocks B is a set of k-element transverses of G with the property that every t-element transverse of G which is not a t-element transverse of some frame Fi E F is contained in precisely one block, and no block contains a t-element transverse of any hole.
Intuitively, a frame is a combinatorial design with a family of hypothetical subdesigns or flats deleted.
In Section 2 we also prove the following existence theorems for H(m, 6,4, 3) frames. We remark that the proof of this theorem guarantees that when m = 13 or 15 the odd hole is of size 5, and that holes of size 9 are only needed when m = 9. 27 and 81. In Section 3 we investigate the existence of H(m, 6, 3,2) frames and prove the following: These results enable us to prove our main theorems: Proof Let f be an odd number. We begin by noting that L(3,4,6(2n + f) + 1) is equal to the sum of (i) the number of blocks in an H(2n +f, 6,4, 3) frame with exactly one hole of size f; (and n disjoint holes of size 2);
(ii) the number of blocks in an H(2n +f, 6, 3,2) frame with one hole of size f and n disjoint holes of size 2; The reader may verify that every 3-subset of {cc } u Ufl:f G, is contained in at least one block of U:= r Bi, and by the opening remark 1 U:= I BJ = L(3,4, 6m+ l), therefore C(3,4,6m + l)=L(3,4,6m+ 1). 1
A similar proof, using Theorem 3, Theorem 5, the fact that C(3,4,499) = L(3,4,499), (Mills [13] ), and noting that 499 = 6(83) + 1, yields the following result. We also show that the existence of an H(9, 6,4, 3) is not essential for the following conditional result. The construction given above may be generalized for t # k -1 by the use of orthogonal arrays, however, we only use the construction when t = 3 and k=4.
We shall make repeated use of the elementary three-wise balanced design construction for H-designs.
Let u be a positive integer and let K be a set of non-negative integers. A three-wise balanced design of order v and with block sizes from K, is a pair (X, B), where X is a u-element set and B is a subsets of X, called blocks, with the properties that (i) every block has its cardinality in K and (ii) every 3-element subsets of X is contained in precisely one block. For x E 2, we define 1x1 by 1x1 =x if 0 dx < n/2 = -x if n/2 < x < n.
Let A be a set of edges of the complete graph with vertex set Z,. We define L(A), the set of chord lengths of A, by W)={Ix-yl:
Cx,yl-q.
A regular graph (V, E) of degree k has a one-factorization if the edge set E can be partitioned in k parts E = F, 1 F2 1 . . . Fk so that each Fi is a partition of the vertex set I/ into pairs. The parts Fi are called one-factors, and a partial one-factor is any set of vertex disjoint edges.
The following Lemma is proved by Stern and Lenz in [16] . This condition requires that each of the graphs f,,, rI and r2 have a onefactorization.
HARTMAN, MILLS, AND MULLIN
We first show that existence of a B-pairing implies existence of an Hframe design. Proof: Let (D, R,, R,, R,) be a B(n, s) pairing. We construct an Hframe (X, G,B, F) as follows:
Let X=(Z6n~Z3)u{000,coI ,..., cohS-i).
We define the groups Blocks of type (3) are transverses since n 1 (a-b) for any edge [a, b] of Ti. Note that IBI = (6s)(6n)' + 3(n -s)(6n)' + 3(4n + 2s -6)(3n)* which is the right number of blocks. If T is any three-element transverse of G which is not the transverse of some group then T has one of the three following forms Note that the VRO = {j: 0 < j < 2n) so the partioning axiom (B3) follows. Axioms (B4) and (B5) follow from the fact that L(R,) = { 1, 3, 5,..., 2n -l}. The one-factorization axiom follows from Lemma 2.5 since, for example, all edges of length 2n + 1 are present in each ri. 1 We can use these construction of B(n, 0)'s to obtain a B(n, S) by removing s edges from each Ri and placing their vertices in D. This procedure guarantees that axioms (Bl)-(B5) will hold. The one-factorization axiom (B6) will also hold, since the edges of length 2n + 1 remain in the graphs ri.
We note that a B( LO) cannot exist since Ri # 0 but no chord lengths are permitted by axiom (B4), and a B(l, 1) exists trivially with D = Z,, R,=R,=R,=@.
These arguments imply the truth of: Combining Theorems 2.6 and 2.8 we have: THEOREM 2.9. For all integers n 2s > 0 with the exception of (n, s) = (LO) there exists an H(3n + s, 6,4, 3) frame having three holes of size n + s which intersect on a common hole of size s.
We turn now to the use of composition methods for the construction of H(m, 2,4, 3) frames. These imply the existence of H(m, 6,4, 3) frames by Lemma 2.2.
We begin by giving direct .construction of some small H frames and related designs. The reader may check, using the methods described in [9] , that (X, B, G) is in fact an H(7, 2,4, 3) design. The reader may check this design using the methods described in [lo] . Note that the holes are all of sizes 2 or 5, and that they intersect in a pencil-like manner, using pencil with its geometrical connotations. An H( 11, 2,4, 3) design was first constructed by Mills. and take G to be the set containing all these groups. Define four holes and take G to be the set of all these groups. We construct the block set B by taking copies of Designs l.A, l.B, 2, 3.A and 3.B on the points of X in the following manner:
If [a, E, x, y] is a block in Q then:
Case E = 1. Write the blocks of Design l.A-an H(7,2,4, 3) design on the points of the set taking care to preserve the groups G(i, x), G( 1, y) and G( co, 0). In order to prove the existence of H frames of the types referred to in Theorem 3 we need to construct three-wise balanced designs with certain properties. We begin with a result on partition of integers which will be used to show the existence of these designs. LEMMA 2.11. Let E= {fi, f2 ,..., fe} b e a ml e set of integers satisfying f 't fiil-fi>2fori=1,2 ,..., e-l,f,-m>l andm-f,>l. Letpa2andlet n be an integer with 2m <n < pM; then there exists a partition of n with at most p parts each part lying in the range [m, M]\E.
Proof (Outline).
For some 2 < t < p, n lies in the range [tm, tM]. Take t parts of sizes Ln/tJ and [n/t1 whose sum is n. If some of these parts lie in the forbidden set E then perturb these by taking alternatively parts of size h + 1 and fi -1 until at most one part lies in the forbidden set. This last forbidden part may be removed by a similar perturbation using one of the permitted parts. i
We use this lemma to construct three-wise balanced designs containing a block of a fixed size a, and no blocks of a forbidden range of sizes. THEOREM 2.12. Let E= {fI, f2,..., f,> be a set of integers satisfying f,=3,fi+,-fi>2fori=1,2,...,e-1,andleta>2beanintegernotinE.
If q is a prime power with q 2 max(a-1, f, + 7) then for all integers v satisfying q2-q+a-(q-3)L(q-fe-2)/2J<v6q2-q+a there exists a three-wise balanced design on v points containing a block of size a and no block size fi for i = 1, 2 ,.,,, e.
ProoJ For every prime power q there exists an inverse plane of order q which is a three-wise balanced design on q2 + 1 points with each block of size q + 1. Removing q + 1 -a points from a single block B, leave a threewise balanced design on q2 -q -a points with a block of size a and other blocks of sizes q + 1, q and q -1. Let c1 and b be two of the remaining points of BO and let B,, B,, B, ,..., B, be the set of blocks containing c1 and fl. Except for o! and /I these blocks are disjoint and cover the points of the design.
Let x, , x2 ,..., x, be a partition of q2 -q + a -v into parts of size at most q -3 and with no parts of size q + 1 -f, i = 1, 2,..., e. Such a partition exists by Lemma 2.11, with 2 <s< L(q-f,-2)/2J. Removing xi points from block Bi leaves a three-wise balanced design on v points containing one block of size a and blocks of sizes q + 1 -xi $ E for each i. Every other block has at least q -1 -2s points since any block of the design intersects Bi in at most two points, and q -1 -2s > f,, so no block of the design has size fi, for any i. i
In the case that q-f, (mod 2) we need only that q>max{a-1, f, +6} to guarantee that s > 2. THEOREM 2.13. For all v > 8737 there exists a three-wise balanced design on v points containing a block of size 83, and no block of size 3, 9, 27 or 81.
and let f2(q)=q2-q. Theorem 2.6 establishes the existence of a design of the required type for all fi(q)+ 83 <v<f2(q)+ 83, provided that q> 88 is a prime power. It remains to show that all integers v > 8737 = f,(97) + 83 fall into an interval of this type for some prime power q. It is easily verified that with q1 = 97, q2 = 101, q3 = 103, q4 = 107, q5 = 109, q6 = 113 and q7 = 121, we have fi(qi+ r) < f2(qj) i = 1,2,..., 6. Furthermoref,( 1.19) < f2(q) for all q > 117. It is shown in [7] that for q 2 116, there is always a prime between q and 1.19, and this completes the proof. 1 Theorem 3 now follows from the above, Lemma 2.3 and Theorem 1.
CONSTRUCTION OF H(nz, 6,3, 2)-FRAMES
In this section we describe methods for constructing families of designs balanced for pairs (t = 2). We could discuss them in terms of H-frames for consistency with the preceding sections, however the accepted terminology for the designs constructed is group divisible designs (GDDs). The techniques used are not new, being due to Hanani [6] and Wilson [18] ; see Wilson's paper for definitions and terminology.
Let f be an odd number, Our aim in this section is to construct H(2n +f, 6, 3, 2) frames having n + 1 pair wise disjoint holes, n of size 2 and one of sizef, or equivalently, group divisible designs having n groups of size 12, one group of size 6fand blocks of size 3. A necessary condition for existence of such a design is given below. Proof: Counting the number of blocks which intersect the (12k+ 6)-group, we get (12k + 6)( 12n/2).
But each of these blocks contains one pair of points from distinct 12-groups, hence 122n(n -1)/2 > (12k + 6)( 12n/2) with equality if n = 2. This yields the result. 1 We shall show that this condition is also sufficient when k ~4, using constructions which imply the existence of these designs for all n>r12k+2/8].
We begin by constructing these group divisible designs which we use later in the constructions. The graph with vertex set Z,* and all edges with lengths in { 1, 2,4, 5} has a one-factorization by Lemma 2.5. Completing these one-factors by a,, 032,~.9 00~ gives all the blocks of the design. A proof is given in [6] , using the existence of Steiner triple systems with 2n + 1 points and Lemma 2.2. LEMMA 3.6. If there exists a pair of orthogonaI Latin squares of side n, n -0 or 1 (mod 3) and n > r(12k + 6)/81, then there exists a GDD with n groups of size 12, one of size 12k + 6 and block size 3, for all k > 0.
Proof
There is standard equivalence between a pair of orthogonal Latin squares of side n and a GDD with four groups of size n and block size 4. Delete n -r(12k + 6)/8] points from one of the groups. Since at least one point has been deleted the resulting design may be considered as a group divisible design with n groups of size 3, one group of size s = r( 12k + 6)/81 and blocks of sizes 3, 4 and n. All blocks which meet the s-group are of size 4. We now apply Wilson's fundamental construction [16] weighting each point in a 3-group with weight 4; and (if k is even) weighting one point with weight 6 and s -1 points with weight 8 or (if k is odd) weighting three points with weight 6 and s -3 points with weight 8. The result then follows using Lemma 3.5, Designs 3.2 and 3.3 and Wilson's construction. 1 LEMMA 3.7. Zf there exist a pair of orthogonal Latin squares of side n, n z 0 or 2 (mod 3), n > r( 12k + 2)/87 then there exists a GDD with n groups of size 12 and one group of size 12k + 6.
Proof: As in the previous theorem, we begin with a group divisible design having four groups of size n and block size 4. Add a new point, say cc, to the groups and delete n -r ( 12k + 2)/8] of the old points from a single group. Since at least one point has been deleted we obtain a group divisible design having n groups of size 3 and one group of size s = r( 12k + 2)/8] + 1, and blocks of sizes 3, 4 and n + 1. The group of size s contains co, blocks containing 00 are of size n + 1, and all other blocks meeting this group are of size 4. Again we use Wilson's construction weighting each point in a 3-group and the point cc with weight 4; one point of the s-group with weight 6, and (if k is even and non-zero) s -3 points with weight 8 and one other point of weight 4 or (if k is odd) s-2 points with weight 8. The result then follows if k # 0 from Wilson's construction, designs 3.2 and 3.3 and Lemma 3.5. If k = 0, weight the second point of the s group with weight 2 and use Design 3.4. 1 COROLLARY 3.8. For all n > r(12k + 2)/81, k 20 and n # 2 or 6, there exists a GDD with n groups of size 12, one group of size 12k + 6 and blocks of size 3.
The result follows from the previous lemmas and the existence of a pair of orthogonal Latin squares of side n for all n > 3, n # 6 [ 11. Proof is immediate from corollary 3.8 with k = 41. This corollary is just a restatement of Theorem 5. designs with (n, k) = (4,2)(5, 3)(6,0) and (7, 4) . In these four cases we exhibit solutions with point set X= ZIZn u {co,: in Zlzk+ 6} and groups 10, 14, 18, 22) ). G h as a one-factorization by Lemma 2.5 which can be completed by the members of GA. For anyf>l and n>rf/21 and (n,f)#(2, 1) there exists a group divisible design with n groups of size 12, one group of size 6f and blocks of size 3.
CONCLUDING

REMARKS
Theorems 6 and 8 provide strong motivation for the study of the numbers C (3,4,31) and C(3,4,43) . A brute force attack on these numbers by computer would be extremely expensive; however, the use of a hill-climbing technique may be successful in constructing minimal configurations.
On a deeper level we believe that the techniques used in Section 2, although quite specific to block size k = 4, may give clues to the eventual construction of Steiner systems S(3, k, u) with k > 4. We note that an H(m, 2,4, 3) design implies the existence of a Steiner quadruple system on 2m points by adding (7) blocks of the form Giu Gj, i< j, where G,, Gz,..,, G, are the groups of the H-design. So the results of Section 2, particularly Theorem 2.10, can be interpreted as new constructions for Steiner quadruple systems, despite the fact that an H(5, 2,4, 3) design does not exist.
